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Abstract—Slow flow through a periodic array of spheres is studied theoretically, and the drag force by the fluid
ona sphere forming the periodic array is calculated using a modification of the method developed by Hashimoto
(1959). Resuits for the complete range of volume fraction ¢ of spheres are given for simple cubic, body-centered
cubic, and face-centered cubic arrays and these agree well with the corresponding values reported by previous
investigators. Also, series expansions for the drag force to 0(c'®) are derived for each of these cubic arrays. The
method is also applied to determine the drag force to 0(c?) on infinitely long cylinders in square and hexagonal
arrays.

1. INTRODUCTION

Slow flows of incompressible Newtonian fluids through an array of fixed particles occur in
many physical processes and therefore their study is important from both the practical and the
theoretical point of view. We consider an idealized case in which the particles are equal-sized
spheres of radius a* arranged in periodic arrays and assume that the Reynolds number of the
flow is much smaller than unity so that the fluid motion satisfies the well known Stokes
equations of motion. Our primary goal here is to calculate the drag force F exerted by the fluid
moving with average speed U on a representative sphere in the assembly as a function of the
volume fraction ¢ of the spheres. In addition, though, the method of solution to be developed
yields expressions for the local velocity and the pressure fields.

Hasimoto (1959) was probably the first to successfully treat the case of dilute arrays (¢ <1).
He derived the periodic fundamental solution to the Stokes equations of motion and, after
expanding the velocity profile in terms of this fundamental solution and its derivatives, obtained
an expression for F for the three cubic arrays (simple, body-centered and face-centered). For
the simple cubic array he found that

K'=1-1.7601 ¢+ ¢ — 1.5593 ¢* + 0(c*?), (1]
F
Where K= W, [2]

and u is the viscosity of the fluid. Clearly, [1] is meaningless for ¢ beyond approximately 0.2
when K becomes negative. Hasimoto’s results for body-centered and face-centered arrays are
also quantitatively similar to [1]. Although in principle, it should have been possible to calculate
additional terms in [1] using Hasimoto’s method, this does not appear to have been done to
date.

In this paper, we modify Hasimoto’s treatment and calculate K over the complete range of ¢
for all three of the cubic arrays. We find first of all that the expression for the velocity given by
Hasimoto is incomplete and that the extra terms affect the coefficients of [1] to 0(c'*?) and
beyond. On using the complete representation for the velocity we then derive an expression for
K to 0(c') which appears to converge for 0< c¢/cy.x <0.85, where c,,, is the maximum
concentration of spheres for a given packing and equals /6, \/3#/8, and \/2#/6, respectively
for a simple cubic, a body-centered cubic and a face-centered cubic array. For 0.85 < ¢/ ¢y, < 1
the drag is obtained, as explained in section 3, by a ““direct substitution” evaluation of the
linear equations relating the coefficients of the formal solution.
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Recently, Zick & Homsy (1982) also computed the drag on a sphere in the above three cubic
arrays. Using Hasimoto’s (1959) fundamental solution, they obtained a set of integral equations
for the unknown stress vector at the surface of a sphere which they then solved numericaily.
Our results are in good agreement with theirs—as well as with Sorensen & Stewart’s (1974)
value for touching spheres in a simple cubic array.

We also consider the slow flow through periodic arrays of infinitely long circular cylinders.
For the square array Hasimoto (1959) obtained

4l —%lnc —0.738+ ¢ +0(c))

where F' is the magnitude of the drag force exerted by the fluid per unit length of a cylinder.
We have extended Hasimoto’s method and have calculated F'/4uU to 0(c®) for square and
hexagonal arrays. For ¢ <0.25 the series give resuits which are in excellent agreement with
those obtained by the present authors (Sangani & Acrivos 1982a) using a numerical method
which is similar to Galerkin’s method.

The procedure to be described here for solving the creeping flow equations in periodic
arrays can also be easily extended and applied to the problem of calculating the effective elastic
moduli of composite materials which consists of cubic arrangements of spherical particles
embedded in an isotropic matrix with different elastic properties. The analogous case of
determining the effective thermal conductivity in periodic array of spheres has also been treated
in detail by the present authors (Sangani & Acrivos 1982b).

2. THE FORMAL SOLUTION FOR THE SLOW FLOW IN A CUBIC ARRAY OF SPHERES
2.1 Governing equations

Let us consider the steady motion of a viscous fluid through an array of spheres whose
centers are located at

r, = h(nag,+ mag + msag) (ny, ny, n3=0,x1, =2,..), 4)

where a,, a, and ag, are the basic vectors determining the unit cell of the array and their
components for the three cubic arrays are listed in appendix 1. Since our analysis is restricted
to cubic arrays, we assume, without loss of generality, that the mean flow is along the x;-axis.
As mentioned in the introduction, we take the Reynolds number of the flow to be very small so
that the fluid velocity satisfies the Stokes equations of motion and the continuity equation

ap ( Y A )

L=t = —st— 5

uAu ax; A ax,7+ax22 ox2) 3]
u;
-—’ = 6
=0 (6]

where p is the pressure and u; is the velocity of the fluid at the point (x, X,, x3). Because of the
periodicity and the symmetry of the system, our solution must satisfy the conditions (Sorensen
& Stewart 1974)

uy(xy, Xa, X3) = WXy, = Xz, X3) = Uy(Xy, Xpy — X3) = Uy — Xy, X, X3) (7]

Ux(Xy, X2y X3) = — Up(X1, — Xy X3) = Up(Xy, X2, — X3) = — U — Xy, X2, X3) (8]

us(xy, Xg, X3) = Us(Xy, — X, X3) = — Us(Xy, X3, — X3) = — Us(— Xy, Xa, X3) {91
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U (X1, X3, X3) = Us(Xy, X3, X2) [10]
uy(x1, Xz, X3) = WX, X3, X3) [11]
u(r +r,) = u(r) [12]

u=0 on sphere, [13]

where [13] refers to the no-slip boundary condition at the surface of the spheres and uy, 4, and
u, are the components of the velocity along the x;, x, and x; axes, respectively. As mentioned in
the introduction, we shall follow Hasimoto’s treatment in order to solve [5]-[6] subject to the
conditions [7]-[13]. Before starting our calculation we non-dimensionalize the distances with A,
the components of velocity with U and the pressure with pU/h.

2.2 The formal solution
A periodic fundamental solution (v, g) to the creeping flow equations can be obtained by
solving

Ag= g%+ 80 S 8(e-r), (14)
80,- _
il (15)

where 8(r —r,) is Dirac’s delta function defined

_[1 when r, €7
J; 8(r—r,)dr = {0 when r, & 7’ (16)
and
8c—r,)=0 forr#r, a”n
As shown by Hasimoto (1959)
A Ly (18)
U; = UpOp 47\ 210 ax, %, »

9q_ b S

ax; - To + ax, 0x,-’ (19)

where 7, is the non-dimensional volume of the unit cell which equals the triple scalar product of
the basic vectors, i.e.

To=1aq, " [ag) X ag)]. [20]
Also, S, and S, in the above equations are given by

—Zm(k. r) -1 —2m(k. r)
Si=— —_—, S, = e
' I.zaio ks P dr'n k_z 21]
where

k. = ’hb(], + nzb(z, + n;ba) [22]
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are vectors in the reciprocal lattice given by
kn rap =N (l = 1, 2, 3). [23]

The reciprocal lattice vectors b, (i = 1,2,3) for simple, body-centered, and face-centered
cubic arrays are given in appendix 1. Further, as shown by Hasimoto, S, and S, are solutions of

AS, =S, [24]

and

AS, = 4n [—71;—2 a(r—r.,)]. [25]

It is important to note that the derivatives of S; are harmonic functions and therefore
automatically satisfy the homogeneous part of [5]. To obtain a completely general solution to
we add to the fundamental solution v, the derivatives of v; and S, multiplied by some unknown
coefficients. From this sum we omit those terms which do not meet any of the conditions
[5}-{11] listed in Section 2.1, and thus arrive at the following expressions for the components of
the velocity and for the pressure:

2 2 4 4 4
u|=Uo——l~{G(Sl—£*§§)+H%)%— (Lot o) s ) [26]

4 ax, x oxaxs | oxy
e g O Mot L an (et S o
u3=ﬁ{c aiji‘“%“%% (%—35;2‘%;)3,} (28]
%:—6’1‘?5‘-&&0% (a=f‘h—*), [29]

where G, H and L are the differential operators
G © m=12M Anm 2n 4m 4m
n-3 "5 {"—2[(1) +(%) ]} (M =n+2m) (30]
L

with
E=xtin, n=x-i, {31]

and where the unknown coefficients A,m, Bum and C,, are to be determined by applying the
no-slip boundary condition [13] at the surface of the spheres. The above expressions for the
components of the velocity differ from those given by Hasimoto (1959) in two important
aspects. First, the terms containing the differential operator L are absent in Hasimoto's
solution. As we shall see presently, if these terms are omitted, the number of equations exceed
the number of unknowns. Second, the differential operators defined by [30] are a special form
of those given by Hasimoto. As discussed by the present authors (1982b) in their calculation of
the effective thermal conductivity of composite materials, [30] is the most convenient represen-
tation of these differential operators when dealing with problems involving cubic arrays of
spheres.
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Since it has been shown by Hasimoto (1959) that

2 Boo

Ap=3maK, Uy=1+—7 32]

the evaluation of Ay directly yields K.
We now proceed to determine the constants A,,,, By, and C,.

3, AN EXPRESSION FOR K™' TO 0(c'"?)

In this section we shall illustrate the procedure used by Hasimoto (1959) to determine the
unknown constants in [30] and simultaneously obtain an expression for K~! to 0(c!®).

Since the solution for the velocity components given by [26]-{28] is periodic, the no-slip
boundary condition on the surface of each sphere is satisfied automatically if it is satisfied on
surface of a sphere with its center at the origin. Accordingly, we concentrate on the unit cell
containing the origin and make use of the expansions of S; and S, in spherical harmonics near
r =0 given by Hasimoto (1959).

% ¢ 427 3n LAFL n; m:: Apm Y 3(X1, X3, X3) [33)
r é ar' | & "
S;=5-&-gr+ 07 gz 2 (bt GumP) Y31 (X, X3, X3), [34]
where
Y, " (x1, X3, X3) = r"p,™ (cos8) cosme, [35]
with
X, =rcos 8, x,=rsin #cos ¢, x;=rsin 4 sin ¢, [36]

and é &, aum b., and d,, are constants characteristic of the array. Not all of them are
independent. Thus as shown by Hasimoto (1959)
PR S
Gom = 2@n +3) B7)
and as shown by Zuzowski (1976),

Ay bzo Ay b;o
—==-==168; === R
ay by 68; ay by ~360 [38]

The constants ¢, a,, and b,, for the three cubic arrays are evaluated in appendix 1.

Substituting [30], [33] and [34] into [26}-{28] and using the equations of appendix 2,
[A.23]HA.33], we obtain expressions for the components of the velocity in terms of Legendre
polynomials. By equating to zero the coefficients for r=a of Py, P, P, and P, in u, and
P,' ¢, P,' ¢ and P, e7* in u,+ iuy we arrive at

4 2 16 16
3 [l—ca+37: 3]A00—313m+[157 48b20—8ama2]Am

8! 110

16 llall 90b31

+48 azoBlo - 48 [11 azo+30 b30+0(a2)] Azo‘f'

+ O(az)]Am - 8!021 Coo + O(a l2) =44 [39]
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2 16
[g (45” + 24b20) - % ana ]Am+ 4[7 +6ana ]B

4 13
+ [‘,775 (]1a20+6 b30) a +O(a4):| A,0+0(a1°) 0 [40]

0[5 0= 60bs0+ 00| din + [ Z5+0a)] Ao+ [ B ota)] B oar =0 1

[?? ~ 180 by, + 0(a2)] [g%(')—g +0(a )] Ay~ [;25 + O(a“)] Cot0a)=0  [42)

1 4 1
[E_ 8 (‘ér;;" bz())ﬂ2 +7 (12004] Aoo+2[:1‘§ -—8a2a20]Boo
6 64 4 10
72\ Gy + 240 b;o) a*+0(a )] Ap+0a)=0 [43]

(14[121)30 _71,'7' Ay + O(az)] AOO + [77%§ + 0((14)] AIO [%95 + O(a‘)]Azo

+ [1;25+0(a4)] By+0(a)=0 [44]

~8a* [3121—‘+90 by, +0(a2)] Ax— [ﬁl;ﬁ O(a“)] Ag + [525+0(a‘)] Coo
+0(a’)=0. [45]
Comparing the leading order terms in these equations (when a < 1) we see that, at most,
Anm ~0(@*M*?), By ~0(@*™**), Cpm ~ Wa*™*?),

Ag ~0(a), By~ 0(a?). [46]
Solving [39]-{45] for Ay, we obtain

K'=1-éa +4;n; (i—glr;f+630b ) a®—300 aybya®
(232 ak, + 27180 b§0) 2+ 0(a"), [47]

which agrees to 0(a®) with Hasimoto’s (1959) corresponding expression. The above series for
K' can also be recast in terms of the volume fraction of the spheres

3
c=43ﬂ::;, (48]

For a simple cubic array, [47] reduces to

K '=1-1.7601 ¢"®+ ¢ — 1.5593 c>+ 3.9799 ¢** - 3.0734 ¢'**

+0(c'?), [49]
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Figure 1. The non-dimensional drag K as a function of the volume fraction ¢ for simple cubic arrays
[—exact results, ---[2], —-—[49]).

which, as can be seen in figure 1, is an improvement over Hasimoto’s result [1]. The solid curve
in that figure represents the numerical results to be discussed in the next section. It should be
noted though that the good agreement between [49] and the exact results in figure 1, is only
coincidental and that many more terms would be needed to establish the radius of convergence
of the above series for K™'.

The process just described for generating the higher order terms in K™' can be continued
indefinitely, at least in principle. In the above example, the coefficients of those terms in u, and
1, + iu; which are muitiplied by Legendre polynomials of degree 4 or less were equated to zero,
but it can be shown that if the no-slip boundary condition is satisfied by including all Legendre
polynomials of degree 4N +2 or less, then 3(N + 1)* equations (N2 + 3N +2in ; and 2N?+ 3N +
1 in u,+ iuy) result. Further, on account of (46), K™' can be determined to 0(a®*™*") and only
3(N + 1)’ number of unknowns [A,,:(N+2)(N +1), B :(N + 1), Com: N(N +1)] can con-
tribute up to this order of approximation in K~'. Thus the number of unknowns equals the
number of equations. In Hasimoto’s expressions for the velocity, the unknowns C,, were
absent and thus the number of unknowns were N(N + 1) short of the number of equations.
However, since Hasimoto considered terms only up to N =0 his results are unaffected.

In order to proceed with our calculations, we first arrange all the unknown coefficients in a
vector U, i.e.

U= [AOO’ Allb AZO; AOh """ ’ A1N9 BOO, BIO) B20: """ ’ BON
' N?*+3N+2 (N +1)?
Coo, Crop* """+, Cl,N—l] (50]
N+ N

Next, we see¢ from [39]-[45] that the equations that result by equating to zero the coefficients
of Py, P Pi}.2 in u; (which correspond below to the equations given by i=1,2,--,
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N*+3N+2)and P,', P,', e PiN:3 eV in u, + iu; (equations given below by i= N’ +
3N +3, -+ 3(N + 1)) can be represented by

1?2

{(T,‘]+ T2” (12)+ (TB,} + TAU az) aZp(iHl} IJJ = 47Ta§,'1, [51]

+

3N

s

where the first few coefficients of the matrices T', T2, T° and T* were already calculated in
[39-[45]. Thus

Ty = % &, Tu=0. Tyh= ;, s (52]
Ti=0. Th=35, Th=4.-- (53

T =—-23—C_, T?2=%%—48 b+ (54]

4 = ‘9‘—:) Th=-1%60y, Th=—2ady, - [55]

Also p(i) in [51] is the degree of the Legendre polynomial whose coefficient when equated to
zero led to the ith equation. Thus,

p(D=0,p(2)=2, p(N*+3N +3)=2,pBN>+6N +3)=4N +2,etc. {56]

A computer program can therefore be written to calculate p(i) and the coefficients of the
above matrices.

As discussed by the present authors (1982b), the equations resulting from applying the
boundary conditions at the surface of a sphere can be solved in either of two ways. The first is a
method of successive approximations which generates a series expansion in powers of a—the
serics method. The second involves determining the constants (A,,, B.., and C,, in the
present case) by matrix inversion for a given value of a—the direct substitution method. We
describe here both methods.

In the series method, we expand the constants in power series of a, i.e. we let

SN+7
U= % Uta" (57]

Substituting [57] into [51] yields the following recursion formula

S .
Ut =2 2 Ti mdnd - TRUS - THUA 0!

i=1j=t
- TL U0 (S=3(N+1)), (58]

where U% =0 for k<0 and T™' is an inverse of T', i.e.

%]

/ THI Tl,] = 81]. [59]

1

Since all the quantities on the r.h.s. of {58} are known or have been previously calculated,
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series expansions for all the unknowns can be readily obtained from [58). In particular, since
A =3maK, the series for Ay directly gives the asymptotic expansion for K.

In the case of the direct substitution method, [51] are solved directly for selected values of
a. Note that in this method even the terms higher than 0(a®¥*7) are retained in these equations.

4. RESULTS

Simple cubic arrays
Listed in table 1 are the coefficients in the series expansion

30
K= Zoqsx‘, [60]
where
X = (¢l Cra)” [61]

with ¢, the volume fraction of the spheres in the touching configuration, equal to #/6=
0.5236 for the simple cubic array. We see that the above series fails to give an accurate result
for K when y is close to unity. Indeed, for y = 1, K increases monotonically to about 39 as the
terms in the series [60] are added successively after which it oscillates between 33 and 56. We
have tried several of the standard techniques (Van Dyke 1964) for improving the rate of
convergence of this series but without success.

On the other hand, the calculation of K via the direct substitution method converged very
rapidly as seen in table 2 where values of K for various N and y are given. The converged
values of K as a function of y are listed in table 3 where they are compared with those from the
series solution [60]. We see that they are in agreement to within 1% for y <0.95.

As mentioned in the introduction, Zick & Homsy (1982) also calculated K for all the three
cubic arrays over the complete range of c. Our results from the direct substitution method are
in agreement with theirs to within 0.5%. Our results are similarly in agreement with Sorensen
& Stewart’s (1974) who found K 42.6 for y =1 using a three-dimensional set of stream

Table 1. The coefficients g, in [60]

] sC BCC FCC
o 0. 1C00000D+01 0. 1000000C+01 0. 1C00C00D+01
1 0. 14184L49D+01 0. 15756834L+01 0. 1620594C+01
2 0. 2012564D+01 0. 24832540+01 0. 2£276200+01
2 0. 2331523D+01 0. 32330220+01 0. 3518875D+01
4 0. 2564809D+01 0. 40228640+01 0. 4503759D+01
5 0. 2584787D+01 0. 46303250+01 0. 53548420+01
& 0. 2873609D+01 0. 5231412D+C1 0. 6240194D+01
7 0. 33401463D+01 0. 38263740+01 0. 70486930+01
8 0. 3534763C+01 0. 62582760+01 0. 7778734D+01
9 0. 2504092D+01 0. 5544304D+01 0. B3B0856D+01
10 0. 32536220401 0. 6878394D+C1 0. 9093106D+01
11 0. 2&4897570+01 0. 7190839D+01, 0. 10044120+02
12 0. 2037769D+C1 0. 72680680401 0. 1099079D+02
12 0. 18093410+01 0. 73040250+01 0. 1176754D+02
14 0. 1877347D+01 0. 73012170+01 0.1234515D+02
15 0. 15346850+01 0. 7236410D+01 0. 1261369D+02
16 0. 903470BL+00 0. 72980140+01 0.12713450+02
17 0. 2857894D+00 0. 73698490+01 0. 12957850+02
18 ~0. 55124260+00 0. 7109497D+01 0. 1297464D+02
19 -0. 127872ab+01 0. 6228418D+01 0. 1259288D+02
20 0. 1013350C+01 0. 52357940+01 0. 12339840+02
21 0. 54924%91D+01 0. 44768740+C1 0. 1258161D+02
22 0. 3615288D+01 0. 35419820401 0. 131098BD+02
23 ~0. B736023C+00 0. 2939353D+01 0.1251041D+02
24 ~0. 28A5924D+01 0. 3935484D+01 0. 1089&36C+02
25 —0. 4709215D+01 0.5179097D+01 0. 1057025D+02
26 ~0. 6870076L+01 0. 39598720+01 0.12107&62C+02
27 0. 1455304D+00 0. 2227627D+01 0.1221453D+02
28 0. 1251891D+02 0. 3373390D+01 0. 7163545D+01
29 0. 97428110+01 0. 4491367D+01 0. 51202000+01
20 —~0. 556526%D+01 0. 2200£86D+01 0. 4523067D+01
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Table 2. The convergence of the results (NT = total number of unknowns)

X NT K(SC) X (BCC) K(FCC)
1.0 12 41.12 142.3 348.3
27 42.14 1021 362.1
. 37 42.07 163.5 426.8
| 48 42.07 160.0 437.9
|
0.95 12 28.6 - 106.0
27 27.7 76.3 150.0
37 27.9 78.7 145.1
48 27.9 78.7 152.3
0.90 %) 19.22 - 67.00
27 19.16 42.8 65.13
37 19.16 42.8 65.16
0.85 12 13.65 - -
37 13.66 25.81 34.6
48 13.66 25.81 34.6

Table 3. The dimensionless drag K for three cubic arrays

sc BCC FCC
K K K K X X
X (converged) (Eq.60) (converged) (Eq.60) (converged) (Eq.60)
0.1 1.1646 1.1646 1.1861 1.1861 1.1924 1.1924
0.2 1.3881 1.3881 1.4487 1.4487 1.4669 1.4669
0.3 1.7000 1.7000 1.8331 1.8331 1.8741 1.8741
0.4 2.1518 2.1518 2.4234 2.4234 2.5103 2.5103
0.5 2.8420 2.8420 3.887 3.3836 3.5748 3.5748
0.6 3.9738 3.9738 5.1083 5.1083 5.5376 5.5376
0.7 6.004 6.004% §.565 8.565 9.717 9.717
0.8 10.05 10.06 16.9 16.851 20.9 20.8
0.85 13.64 13.71 25.8 25.8 34.6 34.2
0.90 19.16 19.5 42,48 42.5 65.1 €1.9
.95 27.9 29.8 78.7 76.8 152 125.1
¥1.0 42.1 50.7 L6242 153.6 438+10 283.3

functions to represent these solutions, as well as with the value k =42.5 determined experi-
mentally by Martin et al. (1951). In figure 1 the above results from the direct substitution
method are given as a function of ¢. Also shown by dashed curves are the predictions from the
series {1] and [49].

Body- and face-centered cubic arrays

The results for these cubic arrays are also given in tables 1 to 3. Here the series solution for
K at y =1 has not converged as yet, however, unlike the case for the simple cubic array,
oscillations are absent, at least, up to s =30. Once again, the direct substitution method
converged rapidly. Our results for body-centered cubic arrays agree with those of Zick &
Homsy (1981), who reported the value K =163 for y = 1, as well as the value K =170 found
experimentally by Susskind & Becker (1967) for y = L.

For the face-centered cubic arrays our results converged rapidly for y < 0.95. For y equal to
unity, however, the convergence is slow as seen in table 2 which lists the computed values of K
for N = 3. Unfortunately, round-off errors in the computations become significant for N greater
than 3 and therefore a more accurate estimate for K was not obtained. At any rate, with N =3
the value K =438 computed here agrees well with the values K =435 reported by Zick &
Homsy (1981) and K = 398 found experimentally by Martin ef al. (1951).
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The values thus calculated of K for closely packed cubic arrays allow us to obtain an estimate
for the drag on a sphere in a closely packed random array if we assume that K depends only on
Cmax 3t x =1. As mentioned by Batchelor & O’Brien (1977) cp., is approximately 0.62 for a
random array of equal-sized spheres. Recalling that K equals 42, 162, and 438 for, respectively,
simple, body-centered and face-centered cubic arrays for which the corresponding values of
Cmax Are 0.52, 0.68 and 0.74, we find by interpolation that K ~ 87 for ¢, = 0.62. This is in close
agreement with the value K =94, obtained by applying the well-known Blake-Kozeny cor-
relation

K =5 tms ot =062,
3(1 ~ Cmax
5. THE TWO-DIMENSIONAL ARRAYS
The problem of slow flow through an array of infinitely long circular cylinders with their
axes parallel to x;-axis can be treated in a similar manner (Hasimoto, 1959). We consider here
square and hexagonal arrays and assume that the mean flow is in the x,-direction. The
components of velocity in this case are given by

2
u,=Uo—4—17;[ (s, "Sz) H"S'] [62]

S ’8, ]
h= 471'[ 9x19x, H8x16x2 ’ [63]

where the differential operators G and H are

aZn

G= 2 n aT’ [64]
o a2n

H=2 B3 [65]

In order to determine A, and B, we expand S, and S, near r=0

Si=-2In r—c,+%2+§2a,.r2" cos 2né. [66]
S =371~ r)+c2—%f+%+g(a,r2+b,)ﬁn cos 2n6 671
where
r=x2+x)", 6=tan"'(x,/xy), [68]
and
d, = a,J4Q2n +1). [69]

Also, it can be shown that the coefficients a, and b, are given by:

a,,=2,._1(2n) [Gez" (ax . ){Sl+21nr}]r . [70]
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gt 4" (s {527}
b,, = 22,,_1(2")! [Ge axl, ax, Sz + 2 "2 Inr o [71]

where
Ge"(xy, x5) = r" cos né. [72]

Following a treatment analogous to that of the three-dimensional case, we find that the
magnitude F'/uU, the dimensionless drag force per unit length of a cylinder, equals 474, and

U,=1+2 (73]

To

Substituting the expressions [66] and [67] for S, and S, into [62] and {63] and equating to
zero the coefficients of Ge®, Ge?, Ge* in u; and of sin 20 in u, we obtain four equations in the
four unknowns A,, A,, By, B; which when solved yield

2 2
4—1’F‘-‘,£ =—Ina —%ﬂ;— - (f;o+ 2421;22) a*~384 a;b,a° +0(a). [74)

The basic vectors and the constants ¢, a,, and b, for the square and the hexagonal arrays
are given in appendix 1. On substituting these constants into (74) we obtain

L _ 2 3L oot )
AmuU 2ln ¢—0.738+ ¢ —0.887 ¢* +2.039 ¢’ + 0(c*) (square array),

F 1
2

[75]
Inc—-0.745+¢ —% ¢*+0(c*) (hexagonal array),

with

¢ = ma* . [76]

We see that to 0(c), [75] agrees with Hasimoto’s result [3].

Recently, the present authors (1982a) calculated F' via a numerical solution of the Stokes
equation for the complete range of ¢ for these two arrays. On comparing with these numerical
results we find that [75] provides an estimate of F’ to within 5% for ¢ <0.3.
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APPENDIX I: THE BASIC VECTORS AND THE CONSTANTS OF THE
REGULAR ARRAYS OF SPHERES AND CYLINDERS.

Cubic arrays ‘
(1)The basic vectors. The basic vectors and 7, for the cubic arrays are (Hasimoto (1959)):
(i) Simple cubic array

a (1, 0, 0) b(]) (1,0, 0)
2 (=10,1,00t, 7o=1, by ;=1(0,1,0)¢, [A.1]
a(3) (0’ 01 0) b(3) (0, 0’ 1)
(ii) Body-centered cubic array
a) 1 (13 l, - 1) 1 b(]) (1, 1, 0)
8y =31 (=LLDp g=3, by =100, 1, 1y, [A.2]
a0 (la - 1’ 1) b(]) (1,0, 1)
(iii) Face-centered cubic array
) 1 (111’0) 1 b(l) (lyla _l)
a2 =i (01 1’ 1) a70=21 b(2) = (—lylo 1) - [A-3]
ag) (1,0,1) b, a,-1.1

(2) Evaluation of the constants ¢, a;, and b,,. As shown by Hasimoto (1959)

Fo 2 a1 ) _a 2
c_\/a+'ro Va nz;so ¢_'/2( a ) To k§o olmaky), (A4]

I 21 S 1

alm) _ .20 -4m)! | a8 9 8\ "'
b,,,.} @nial+amy | ¥ (ax,’ax;a—x,) o7 [A5]

T

2

r=0
(=1, €, =2 for m>0),
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where the constant a« must be chosen so as to facilitate the subsequent calculations (the
constant ¢, of course, is independent of a) and ¢,(x) is the incomplete gamma function

x

¢.(x) = fl e X £ deE [A.6]

Further, ¢,(x) satisfies the recurrence relations

‘bul == d)v+la x¢v = eVX + V¢V“ [A7]
with
do(x)=e Mx, P_12(x) = AV erfc(v/x) [A.8]
(1} I ~1/2 \/x . .

Using [A.7] and [A.8], ¢’s were calculated accurately to at least ten significant digits. Now,
the constants g, and b, can be evaluated from [A.5] using two different methods. The first
method to be described below was used for | =<8 whereas the second was used for other values
of I

(i) Ewald’s technique. Again, as shown by Hasimoto (1959)

e "(kyr) _ 7" [ ~3/24A (77'(1' -r, )2) 1
kn2=é() klzlm - (m . ])| To ; ¢—m+,\

[43 m

+ 3 etrityn ¢m-.(wak.f>], (A9]

K %0

where

for the array of sph.eres [A.10]
for the array of cylinders.

=

1
P
S W=

Substituting for S, and S, obtained from [A.9] into [A.S] and simplifying we obtain

2 2
_ aw _3im-2 ar,
Ay = allm) [Toa o= Z Y3 (Xiny Xame X30) G2-12 ( . )

To =0 a

+ 2 Y:‘.';n (klm klna k]n)d)()(ﬂ'aknz)]v [Al l]

k,=0

D 2 I
- -a 2w) —(3/2)-21 (7" n) 4m
=2 | U —_am L —2) Y57 (X1, Xoms X30)
bim e [ 0 ,.z:eo‘b:' am\ 2 (X)1gy X2n, X3n

+ T oulmak) YA (ki ko ) | [A.12]
=0

where

! _
o Qlrdm). a4, and by,

_ _(2I+4m)!
Gm = 21— 4m)!

=< @l—am) o
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The sums in the above equation converge very rapidly. Thus &, and by (1=8) could be
determined to seven significant digits with |n/<5. For /> 8, however, the incomplete gamma
functions could not be evaluated with sufficient accuracy.

(i1) The direct sum method. Using [25] and the fact that the average values of S, over a unit cell
is zero, it can be shown that

si-tn['§ 21 %)

lr—rnl —;(—) a IT—_I"I-

where 7, is the unit cell situated at r, except for the unit cell containing r. A sphere of radius
e(e > 0) is excluded from 7, in that case. Substituting [A.13] into [A.5] and simplifying we
obtain

In|=N y4m
a-lm = }lviﬂ P Y2l (x’|'||9 +lel, x3l). [A.14]
Similarly it can be shown that
= =1 [ &Y (e, X xs..)}
bm = 2@1-1) { pm ,};, T [A.15]

Note that the above expression for ay is identical to the sum S,; in Rayleigh's (1892) theory
on the effective conductivities of composite materials consisting of cubic array of spheres plus
a continuous homogeneous matrix of different conductivity. [A14] and [A.15] are particularly
useful for determining d,,, and b, when [ is large.

The first few values of d,,, b;, and € are listed in table 4. As mentioned earlier, for { > 8, the
direct sum method was employed exclusively. In fact, this method gives fairly accurate results
even for smaller values of /. Thus, we have also calculated a;, and by,’s for | between 4 and 8
and found that in this range both methods agreed to at least five significant digits.

Table 4. The computed values of the constants

scC BCC FCC

< 0.2837297D+1 0.3639233D+1 0.4584862D+1
20 0.3108227D+1 -0.3106460D+1 ~0.7525692D+1

30 0.5733293DH0 0.5446557D+1 -0.2663489D+2
30 0.3259293D+1 0.7648391D+1 0.8118646D+2
E&l 0.5475612D+4 0.1284930D+5 0.1363932D+6
EAZ 0.8541849D+7 0.2004490D+8 0.2127735D+9
agq 0.1009224D+1 -0.9396657D+1 -0.1524345D+1
351 -0.1119028D+5 0.1041901D+6 0.1690194D+5
352 -0.6848449D+8 0.6376436D+9 0.1034399D+9
b20 -0.1945688D+0 0.1199684D+0 0.2133181D4+0

30 -0.1966601D-1 -0.1862257D+0 0.5825414D+0
bao -0.1145416D+) ~0.2197556D+0 -0.1384665D+1
541 ~0.1924301D+3 -0.3691894D+3 -0.2326242D+4
E&Z ~0.3001910D+6 -0.5759355D+6 ~0.3628937D+7

50 -0.2625465D~1 0.1787547040 -0.1577060D-2

51 0.29111150+3 ~0.1982033D+4 0.1748615D+2
552 0.1781602D+7 -0.1213004D+8 0.1070152D+6
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McPhedran & McKenzie (1978) have also calculated a;, for the simple cubic array. The
values reported here are in complete agreement with those reported by these authors who
evaluated these constants to five significant digits. Our values for by and ¢ agree with
Hasimoto’s (1959) except for the simple cubic array where, as pointed out by Zuzovski (1976),
the value of by, stated by Hasimoto has a sign error.

Two-dimensional arrays
(1) The basic vectors. (i) Square array

S RSN o A

(ii) Hexagonal array

-1
ay _ (1,0) ﬁ bm = 1’V§

ag| |1 _\/_3_ =T bey 0 2 | [A.17]
22 V3
(2) The constants c,, a,, and b,. The constant ¢, is given by (Hasimoto (1959))
_ o a 7Trn2 a 2
=yt T+ e 50 (T) -2 3, dmak) (A.18)
where y =0.577215 ... is Euler’s constant.
Following a treatment analogous to that for the three dimensional case, we find that
2 o 2
a; = 2§a1-(l(;rl))!7_0 [TO a = go Ge?'l(xlm x2n) d’*HZl (ﬂ; )
S Ge (ki knn(maks) | [A.19]
k=0
—a’Qm)’ ~1-2 u wry
1= 7”_02714-](21)! [Toa g Ge (xlm xZn) ¢—2+21 (T)
+ Z Ge* (kyn, k2n)¢](77akn2)]'
k,=0
The computed values are (i) Square array
¢, =2.621 (Hasimoto (1959))
[az = 1.576. [A.21]
b, = 1.664
(i) Hexagonal array
a=2719
{a2 o [A.22]

In fact, as shown by Perrins et al. (1979) due to symmetry, a, = b, = 0 for all n not divisible by 3.
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APPENDIX 2: RESULTS ON THE DIFFERENTIATION OF
THE VARIOUS TERMS IN S, AND &,

The following resuits for spherical harmonics are taken from Hobson (1937), p. 138

% [(aif)m * (aa ) ] %m—y Y,", [A.23]
2 =((Z a"g)A +(Z ) | Y= Byl g O v [A.24]

where

- (n+m)!
22 (n+m-2x2-k)!
(-D" (n+m)!

22 (n—-m—-k)

for A<m
B= [A.25]

for A>m.

Further, using the theorem stated by Hobson (1937), p. 127

f"(ax *ox, ax’)F(rz) { %

n-2 gn-1
21; ﬁ_—)f——‘f o '} fn(xl’ X3, X3) [A.26]

where f, is a homogeneous polynomial of degree n in x,, x, and x; and taking F(r%) = r, it can be
shown that

N Oy s I

In deriving [A.27] use has also been made of the series representation for the spherical
harmonics (Hobson (1937), p. 137)

e e e S R I T

The above series representation can also be employed to derive the formulae:
w LG GG G0
(ax,) 2) * 2 * r

U (=)™ (n=m=p)! . (=1)"(n- o
=,zn+.{( ) zm(f,%'" P ymep o (Z1) 2,(}1,,-,"'“’)' Ym ")}(map), [A.29]

(n+m)! (4n +6)
(nt+m-k)!(4n+6—4k)

, (rzY’") gYm,

ax

(n+ m)! (n-m+2)! (4n+6)(n+2-m-k)! m
(n+m+2—k)!{ (n—m)! (4n+6—4k)(n—m—k)!} Yok [A.30)
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(O

1 4n+6 mea_ A +m)! { (n+2—m-21)! 1 } ma
o amrean Y T T am i A romany dnT6=dn) Ve
[A.31]
where
(-D*n+m)! (4n+6)
Pt m—20) Gn+6—4p) lor m=A
A= m [A.32]
(-D"(n+m)! (@4n+6) for m < A
Mn-m)! @Gn+6—41) ’
(=D'n+m)(n+2-m)i(—41)
form=a
A — (n— nm)! —
B= 2%(n+m+2-20)(n—m)(4n+6-4)) (A33]

D Em (-4 [, (n+2+m-2A)!
2(n+2-m)! [“ M)t G+ m—20)\dn + 6—41)

}for A>m.

In above relations, the coefficient of Y,” must be set equal to zero for m > n.



